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1. Introduction 
Let Aut (X) be the automorphism group, including orientation reversing automor- 
phisms, of a compact Riemann surface X. An orientation reversing element of order 
2 in Aut (X) is called a symmetry of X, and a surface admitting some symmetry is said 
to be symmetric. Let C#J be a symmetry of X; if the quotient X/4 is orientable (resp. 
non-orientable) with k > 0 boundary components we say that + k (resp. -k) is the 
species of (X, 4) and we write sp(X, 4) = + k or -k. Notice that k is the number of 
connected components of the set F‘(4) of fixed points of 4. Furthermore, the quotient 
X/C/I is orientable if and only if X\F(4) is disconnected; such symmetries will be called 
separating. Of course, if X has genus g, then 0 I k I g + 1 (Harnack’s theorem), and 
conjugate symmetries in Aut(X) have the same species. Also, if 4 is fixed point free, 
then X/4 is non-orientable and we write sp(X, 4) = 0. The symmetry type of a sym- 
metric surface X is the unordered list of species of conjugacy classes of symmetries of 
X. Our goal in this paper is to compute the symmetry type st (X) for a particular class 
of surfaces to be defined below. As the simplest example, consider the Riemann sphere 
Cu {cc], the two conjugacy classes of symmetries are represented by z -+ Z and 
z+ -l/Z. Hence, st(Cu{co)) = (0, +l}. 
*Corresponding author. 
1 Partially supported by DGICYT PB 89-201 and Science Plan N SCl-CT91-0716. 
‘Partially supported by DGICYT PB 89-201, Science Plan N SCl-CT91-0716 and Acciones Integradas 
Hispano-Portuguesas. 
3 Partially supported by DGICYT PB 89-379 and Science Plan N SCl-CT91-0716. 
4 Supported by DGICYT and the Spanish Ministery of Science and Education. 
0022-4049/96/$15.00 0 1996 Elsevier Science B.V. All rights reserved. 
SSDI 0022-4049(94)00065-Q 
114 S.A. Broughton et al./Journal of Pure and Applied Algebra 106 (1996) 113-126 
A group G is said to be a Hurwitz group of automorphisms on the Riemann surface 
X of genus g if G = Aut+ (X), the group of orientation preserving automorphisms of 
X, and ICI = 84(g - l), i.e. G has the maximal possible order [6]. Many mathemati- 
cians have worked on the problem of finding Hurwitz groups. There are none for 
surfaces of genera 2,4, 56 and Klein found that PSL(2, 7), which acts on the quartic 
x3y + y3 z + z3x = 0, is the only one for surfaces of genus 3. Felix Klein in his 
original paper [IS] showed that the symmetry type of this surface is { - 11. Much later 
Macbeath [lo] proved that there exists a unique surface X of genus 7 with 504 
orientation-preserving automorphisms and in fact Aut+ (X) = PSL(2, 8). Later, Mac- 
beath [ 1 l] characterized the values of 4 for which the simple projective special linear 
group PSL(2,q) acts as a Hurwitz group on some surface, to which we shall refer in 
this paper as a Macbeath surface. These numbers shall be called H-numbers and in fact 
4 is an H-number if and only if either 4 = 7 or 4 = + 1 (mod 7) is prime or q = p3 for 
some prime p z + 2(mod 7) or p E + 3 (mod 7). After that many authors, see 
[6,8, 173 studied surfaces on which PSL(2, q) acts as a Hurwitz group. In particular, 
Singerman [lS] showed that all such surfaces are symmetric. 
The unordered list of symmetry types of surfaces varying in a family 9 of Riemann 
surfaces is denoted by st (9) the symmetry type of 9. This was calculated by Natanzon 
[13-161, for the family of surfaces admitting a symmetry with species + (g + 1) or - g, 
by Bujalance and Singerman [4] for surfaces of genus 2 and by three of the authors [3] 
for the family of surfaces whose group of orientation-preserving automorphisms is cyclic 
of prime order. In this paper we study the symmetry type of the family Fq of surfaces 
admitting PSL(2, q) as Hurwitz group. The case q = 8 was settled by two of the authors 
in [2], showing that 9s consists only of Macbeath’s surface with symmetry type 
[0, -21. This is the content of Section 2 of the paper, whilst in Section 3 we provide an 
algorithm to compute effectively this symmetry type. 
2. The symmetry type of a surface on which PSL(2, q) acts as a Hurwitz group 
Let G be a group generated by two elements a, b obeying a2 = b3 = (ab)7 = 1. Let 
n = [2,3,7] be the triangle Fuchsian group with canonical generators x1, x2, x3 of 
orders 2, 3 and 7, respectively, and let 0: A + G be the epimorphism induced by the 
assignment 0(x,) = a, 0(x,) = b. Then, G acts as Hurwitz group on a Riemann surface 
X if and only if X can be written as X = H/T, where H is the complex upper half 
plane, r = Ker 0 is a Fuchsian surface group and, of course, 1 GI = 84(g - l), 
g = genus of X. We shall say that G acts as a Hurwitz group on the Riemann surface 
H/T endowed with the analytic structure corresponding to the generating pair (a, b) or, 
briefly, that G acts on a surface corresponding to (a, b). Denote H/T by X(a, b; G). This 
notation is fixed throughout the paper. 
First of all we quote a result of Singerman [17]. 
Lemma 2.1. The surface X(a, b; G) described above is symmetric if and only if there 
exists an automorphism $:G + G such that $(a) = a-‘, $(b) = bb’. 
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As we shall see later, the symmetry type of surfaces from Fq depends on its full 
automorphism group. In fact, when Aut + (X) = G is fixed, only two possibilities for 
Aut * (X) = G* occur, as is shown in the following. 
Construction 2.2. With the notation as above, assume the group G is simple and the 
Riemann surface X = X(a, b; G) is symmetric. Let $: G + G be the automorphism of 
G satisfying II/ (a) = a- ‘, $(b) = b- ‘. We distinguish two possibilities: (i) $ is an inner 
automorphism; and (ii) Ic/ is an outer automorphism. 
(i) In this case there exists v E G such that $(g) = vgv- ’ for every g E G. In 
particular, vav-’ = up1 and vbv-’ = b-‘, and so v2 commutes with both a and b. 
Since G is a simple group generated by a and b we conclude that v2 = 1 and since 
vbv-l = b-’ # b the element v has order 2. Moreover, from vav-’ = am1 and 
vbv-l = b-’ we get: 
(2.2.1) The elements v, av and vb in G have order 2. 
Now let /1* = (2,3,7) be the unique proper NEC (non-euclidean crystallographic) 
group containing /i = [2,3,7] as a subgroup of index 2. Let c,,, cl, c2 be the canonical 
reflections generating /i*, i.e. they are elements of order 2 such that c,, cl, clc2 and 
cOc2 have orders 2, 3 and 7, respectively. 
Define a homomorphism 8*:/i* + G* = G x Z2 = (a, b) x (t) by 
(2.2.2) cog, cl ~(v,t), cz++(ub,t). 
It is surjective because 8* (cocl) = a, Q* (cl c2) = b and 8* (cl) = (v, t), and from (2.2.1), 
0” preserves the orders of c 0, 17 29 0 19 1 2 c c c c c c and coc2. Hence, Ker 8” = Ker 9 = r. 
Consequently, A*/r = G* acts as a group of automorphisms on X(a, b; G) = 
H/T = X. Moreover, since G = Aut + (X) and 1 G* 1 = 2 1 G 1 we obtain: 
(2.2.3) If $ is an inner automorphism of G, then Aut(X) = G* = G x Z,. 
(ii) Suppose now that $ is an outer automorphism. Pick an element t$G as the 
generator of Hz. Since $ is an automorphism of G, the action of Z2 on G defined by 
tar-1 = a-1 and tbt- ’ = b- ’ defines a semidirect product G* = G cc Z2. It is 
straightfoward to check that the assignment. 
(2.2.4) co 13 at, Cl H 4 c2 c* tb 
induces an epimorphism l3* : A* -+ G* with kernel r. Hence as in the first case, 
(2.2.5) If $ is an outer automorphism of G, then Aut(X) = G* = G cc Zz. 
Remark 2.3. (1) It is immediate to check that the epimorphism f3* above is unique in 
the following sense: If @* is another epimorphism from A* onto G* with kernel r, 
then there exists an automorphism F of G* such that PO* = 8’*. 
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(2) The group G = PSL(2, q) is simple with generating pair (a, b) obeying 
a2 = b3 = (ab)’ = 1 in case q is H-number. Therefore, the construction above holds in 
this case and in fact, the semidirect product PSL(2, q) cc Zz is nothing else but the 
projective general inear group PGL(2, q). 
Before proving our main result (Theorem 2.5) we give an elementary geometric 
proof of a result that appears in [7]. 
Proposition 2.4. Let q be an odd prime, G = PSL(2, q) and G* = PGL(2, q). Let A E G 
and B E G*\G be elements of order 2 and let C(G, A) and C(G*, B) denote their 
centralizers in G and G*, respectively. Then 
lC(G, A)1 = 
q- 1 if qs l(mod4), 
q+l if q=3(mod4), 
IC(G*, 41 = 
2(q + 1) if q = 1 (mod4), 
2(q - 1) if q = 3(mod4), 
Proof. Let lFi denote the set of squares in F,. Since the elements of order 2 in G (resp. 
in G*\G) are all conjugate we can assume that A and B are represented, respectively, 
by the matrices 
1 
M= [ 
0 
-1 0 1 and N = [ 0 1 -6 0 1 ’ 
where 6 is a non-zero element in IF,\ Ff . Note that each element in G (resp. in G* \ G) 
has two normalized representatives with determinant 1 (resp. 6). An element C in 
G represented by 
p= x y 
[ 1 z t 
commutes with A if and only if MP = + PM, xt - yz = + 1, i.e. either 
p= xy 
[ 1 -y x ’ x2+y2=1 or P= ’ ’ [ 1 x2+yZ= -1. Y -x ’ 
Hence, if V’=F,xF,, C,={(x,y)~V~x~+y~=l} and C2={(x,y)~VIx2+y2 
= - l> and since P and -P represent he same element in G we obtain 
(2.4.1) IC(G, A)I =+(#C, + #Cd 
Analogously, an element D E G* represented by 
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commutes with B if and only if NQ = f QN, xt - yz = 1 or 6. Therefore, if we 
consider the tonics 
cs = {(x,y) E l/lx2 + 6y* = 1); C,=((x,y)EVJX*+6y*=6}, 
Cg={(X,y)ET/lx*+6y*= -11; cs={(x,y)EVlx*+By*= -S}, 
we get the equality 
(2.4.2) IC(G*,B)l= #C3 + #Cs 
since clearly # C3 = # C4 and # C5 = # C6. 
To handle simultaneously all these tonics we first compute: 
(2.4.3) The conic C = ((x, y) E I’1 x2 + ny* = l}, where v E 5, is an arbitrary ele- 
ment such that --n$Fi has 4 + 1 points. 
In fact, 1 + nt* # 0 for all t E ff,, and so the inverse of the stereographic projection 
from the point (1,0) E C given by 
F, + C: t H (1 - 2/(1 + v]t*), 2t/(l + qt2)) 
is injective with image C\{ (1, O)}. 
Now, assume that q = 1 (mod 4), and let E E IF, be such that s* = - 1. The linear 
isomorphism V -+ I’: (x, y) H (EX, sy) induces bijections Ci + C2 and C3 -+ Cs. Also 
-S$lFi and so lC(G*, B)l = 2(q + 1) by (2.4.3). On the other hand, the linear 
isomorphism V + V : (x, y) H (x + sy, x - sy) induces a bijection between C1 and the 
hyperbola H = {(u, a) E 1/l uv = l}, and since [F: + H: t H (t, t-‘) is bijective we 
obtain lC(G, A)1 = q - 1. 
Finally, if q = 3 (mod4), - 1 is not a square in [F, and so, by (2.4.3), # Ci = q + 1. 
Let (a, /I) E C2. The linear isomorphism I’ + V: (x, y) H (ax + By, ax - By) induces 
a bijection Ci + C2. Hence I C(G, A)/ = q + 1. On the other hand, we can assume 
now 6 = - 1. Therefore, the maps 
Cs-+Cs: (x,y)++(y,x), [F,-+H: tt-+(t,t-l), C,-tH: (x,y)~(x+y,x-y) 
are bijective, and so lC(G*, B)l = 2(q - 1) in this case. 
Theorem 2.5. Let q be an odd H-number. Let (a, b) be a generating pair of the group 
G = PSL(2, q) obeying a2 = b3 = (ab)’ = 1, let M be the order of ab(ba)4 (ab)4b and let 
X = X(a, b; G) be the corresponding surface. Then 
(1) If Aut(X) = PSL(2, q) x Z2 then X admits two non-conjugate symmetries. One of 
them is fixed point free and the other one has 
k = (q - 1)/2M if q = 1 (mod4), 
{ (q + 1)/2M if q E 3 (mod4) 
fixed curves. 
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(2) Zf Am(X) = PGL(2, q) then all symmetries are conjugate and they jix 
k = (q + 1)/2M if q = 1 (rnod4), 
(q - 1)/2M if q 3 3 (mod4) 
curves. 
Proof. We keep the notation in Construction 2.2., i.e. X = X(a, b; G) = A/r where 
/1 = [2,3,7] is generated by x1, x2, x3 and F is the kernel of the epimorphism 
8: A + G given by 6(x,) = a, l3(x,) = b. The symbols A*, B*, v and t have also the 
same meaning as in Construction 2.2. Let 4 be a symmetry of X. Since all elements of 
order 2 in PSL(2, q) (resp. PGL(2, q)\PSL(2, q)) are conjugate we can assume, 
without loss of generality, that 4 = (v, t) in the first case and 4 = t in the second one. 
The number k of connected components of the set F(4) of fixed points of 4 is the 
number of period cycles in the signature of the NEC group F, = e*-‘((4)). In 
particular, since t is a central element in the first case, it follows that sp(X, t) = 0 in 
this case [5]. 
We shall deal with both of the remaining cases simultaneously. Now 0* (ci) = 4, i.e. 
cr E r1 and as the canonical Fuchsian group r: of r1 equals r we see that r1 has only 
(say k > 0) empty period cycles: 
(2.5.1) The subgroup C* = 0*-l(C(G*, 4)) normalizes r1 
Indeed, let w E C* and y1 E rl. Thus y1 = ycq for some y E r, c1= 0 or 1 and 
WYlW -I = (wyw-‘)(wc:w- I). Now as r is a normal subgroup of/i* it suffices to show 
that wcO;w-’ E rl. But since w E C*, we get f!?*(w~Tw-~) = (f?*(c,))a E (4) and so 
WC; w-i E r1 as desired. 
Now given w E C*, wcl w - ’ is a reflection in rl. Conversely, an arbitrary reflection 
d in r1 is conjugate to one of the canonical reflections co, cl, c2 of A* and also 
co, cl, c2 are pairwise conjugate. So we can assume that d = wcl w-l for some w E /1*. 
But then, since d E rl \ f, we have 4 = 8*(d) = f3*(w)@*(w)- ’ and therefore w E C*. 
Thus, if 98 denotes the set of conjugacy classes of reflections in r1 we have proved 
(2.5.2) The map @: C* + 6%: w H [wcr w-l] is surjective. 
Of course, the number k of period cycles in the signature of rl is the cardinality of 
99 and so, to calculate it in terms of C* we must control the fibres of @: 
(2.5.3) If wi, w2 E C*, then @(wl) = @(w2) if and only if w;‘wl E C(/i*, c,)T. 
Infact,@ = @(w2)ifandonlyifylwl clw;‘y;’ = w2clw~‘,forsomeyl erl,i.e. 
w;‘ylwl E C(n*,c,), for some y1 E rl. But w,‘ylwl = (w;~w~)(w;~~~w~) 
E (w;‘wl)rl by (2.5.1). Therefore, @(wl) = @(w2) if and only if w;‘wl E C(n*, cl) T1 = 
C(n*, c,)T, the last equality holds true because cl E C(n*, cl) and rl = (r, cl). 
Consequently, 
k = [c*:c(~*, cl)rl = [c*/r: c(n*, +)r/r] = [c(G*, 4): e*:c(/i*, cl))]. 
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As we shall see below C(/i*,c,) = (cl)x((co)* (pcip-I)), where p = 
c~c~(c~c~)~. Thus, since f3* maps co, cl and pcifi-’ to elements of order 2 in G* and 
~*(c,~c,~-‘) = ~b(ba)~(ab)~b, we obtain k = IC(G*, $)1/4M. To finish the proofit is 
enough to apply the last lemma taking into account that in case (l), 
IC(G*, 4)I = 2lC(G, o)l. 
Now the proof is complete apart from the calculation of the centralizer C(n*, cl). 
This appears in [19], and so we just sketch it. Let ye, yl, y2 be the sides of a funda- 
mental region F for A* and let I be the line on which yl lies. Then, g E A* centralizes 
cr if and only if cl = gclg-’ and since gclg - ’ is a reflection with axis g(l) it follows 
that g E C(/1*, cl) if and only if g(l) = 1. It is evident that cO, cl and the reflections of 
/i* whose axes are orthogonal to 1 are in C(YI*, cl). Let c* = /?cl~-’ and d = coc*co. 
They are the reflections in C(n*, cl) whose axis (orthogonal to /) is closer to the one of 
co (we can measure distances on 1 since it is the common perpendicular to both axes), 
as in the Fig. 1. 
Now it follows that co, ci and c* generate C(n*, cl). Indeed, if c is either a hyper- 
bolic transformation or a glide reflection in C(/1*, cl) it has axis 1 and so it has the 
form (coc*)I or (coc*)Ico, respectively. On the other hand, the axis of a reflection 
c # cl in C(/i*, cl) is orthogonal to 1 and so c is conjugated to either co or cl by either 
a hyperbolic element in C(/1*, cl) or co. Finally, since co, cl, c2 are reflections, c*co is 
hyperbolic and (cocl)’ = (c*c~)~ = 1 we get the desired form for C(/1*, ci). 0 
Now, in order to know completely the symmetry type of Pq for all H-numbers q # 8 
it is enough to prove the following. 
Theorem 2.6. For all primes p such that p = 7, there are no separating symmetries on 
Macbeath surfaces with PSL(2, q) as automorphism group, for q = p or p3, q # 8. 
Fig. 1 
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Before the proof we need some preliminaries. The first can be seen in [l, end of 
Section 23, or in [12, Theorem 11. 
Lemma 2.7. Let X be a Macbeath surface, G = Aut’(X) and g E G be an involution 
with some jixed point. Then 
IF(g)) = ICCG, g)l 
2 . 
Lemma 2.8. Suppose that 4 is a separating symmetry of the macbeath surface X whose 
fixed set has k > 0 connected components, and let h be any symmetry commuting with 
I$ such that h and 4 have a common jixed point. Then h4 has at most 
2k = IC(G> 411 
M 
jixed points, where M has been defined in Theorem 2.5. 
Proof. Let X+, X- denote the two disjoint components of X - F(4). Since h com- 
mutes with q5, then h maps F(4) to itself, and hence it either interchanges X+ and 
X_ or maps both of them to themselves. By analyzing h in neighbourhood of 
a common fixed point of $J and h we see that X, and X- are both mapped to 
themselves by h (symmetries in circles meeting at right angles). Thus, h$ interchanges 
X+ and X_, and since they are disjoint, the only fixed points of h4 lie on F(4). In 
turn, the fixed points of h4 on F(4) are the fixed points of h on F(c#J) so 
F(h$) = F(h) n F (4). Since F (4) and F(h) have no common components, then h is not 
the identity on any circle, so it can fix at most two points per circle on F(4). This 
establishes the inequality. 
Corollary 2.9. Let X be a Macbeath surface, let (a, b) be a generating pair of the group 
PSL(2, q), and let v and M be as dejned in Construction 2.2 and Theorem 2.5. If the 
inequality 
holds, then all symmetries on X are non-separating. 
Proof. All symmetries with fixed points are conjugate to v so it suffices to show that 
v is non-separating. Let t = au, and observe that t is a symmetry that commutes with o. 
It can be shown that v and a may be chosen so that they have a common fixed point, 
and hence that v and t are commuting symmetries with a common fixed point. Thus, 
the number of fixed points of a = tv satisfies 
IF( < IC(G7 ‘)I 
M 
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according to the lemma. On the other hand, the number of fixed points must also 
satisfy, by Lemma 2.7, 
contradicting the hypothesis. 0 
Proof of Theorem 2.6. Let q = p or p3 as necessary. As we have shown before the 
automorphism II/ is induced by conjugation by an involution r in PGL(2, q). For any 
involution r E PGL(2, q), the centralizer C(g, r) always has order q - 1 or q + 1. Thus, 
the inequality in Corollary 2.9 will hold if 
21C(Gr)l <M 
lC(G, 4 ’ 
But 
21W~dl <2q+1<3 
IC(G4l - 4 - 1 
since q L 7. Hence, all we need to finish is to prove that M 2 3. If q = 7 then M = 3. 
For q > 7 the groups 
(a, b; u2 = b3 = (ub)’ = (ub(ba)4 (ab)4b)’ = 1) with r = 1 and 2 
have orders 1 and 504, i.e., less than the order of PSL(2, q). This has been computed 
using CAYLEY and GAP. 0 
We now provide the reader with a theoretical proof of the inequality M I 3 which 
covers all cases except q = 27. 
Proposition 2.10. Let (a, b) be a generating pair of the group PSL(2, q), with q an 
integer relatively prime to 2 and 3, then the order M of the element ab(bu)4(ub)4b is 
at least 3. 
Proof. Let (A, B) be a pair of elements in SL(2, q) which projects to the pair (a, b). By 
multiplying the elements of the pair by --I, where I is the identity of SL(2, q), we may 
assume that (A, B) satisfies - A2 = B3 = (AB)’ = I. Since q is not divisible by 2 or 
3 all elements of order 4 in SL(2, q) are conjugate to the element A displayed below 
and an element is of order 3 if and only if its trace equals - 1. 
Let y denote the trace of AB. The trace y satisfies the equation 
(2.10.1) y3 + y2 - 2y - 1 = 0; 
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thus we may assume that A and B have the following form: 
where, 
(2.10.2) -~~-~--_~-yy=1 
since det(B) = 1. Then AB and BA are given by, 
both of which have the required trace. Note that any solution to the Eqs. (2.10.1) and 
(2.10.2) yields a generating pair of PSL(2,q). 
In order to prove that the order of ab(b~)~(ab)~b is at least 3 we need to show that 
AB(BA)4(AB)4B cannot have order 1, 2 or 4. This means we need to show that the 
trace of AB(BA)4(AB)4B is not 2, -2 or 0. It turns out that this trace is a polynomial 
in y independent of x and y. This polynomial may be calculated by inductively using 
the fact that every element T in PSL(2,q) satisfies the relation 
T2-tr(T)T+I=O 
because of the Cayley-Hamilton theorem. By repeated application of this relation we 
get for the elements U = AB and V = BA: 
u= = yu -I, u3 = (y” - 1) u - yz, u4 = (y3 - 2y) u + (1 - y2)1, 
and 
V2 = yv -I, V3 = (y2 - 1) I/ -71, V4 = (y3 - 2y) V + (1 - y2)1. 
Using these relations we obtain 
AB(BA)4(AB)4B = ABV4U4B 
= (y3 - 2~)~ ABVUB + (y” - 2y)(l - y=)ABVB 
+ (y3 - 2y)(l - y’)ABUB + (1 - Y~)~AB= 
= (y” - 2~)~( -AB) + (y” - 2y)(l - y2)AB2AB 
+ (y3 - 2y)(l - y2)U2B + (1 - Y~)~AB~. 
One may continue the reduction using the relations above; the relations 
A2 = -I, B2 = -B - I to reduce the trace of AB(BA)4 (AB)4B into a polynomial in 
y. The result is 
(2.10.3) tr(AB(BA)4(AB)4B) = y’ - 5y5 + 8y3 - 5~. 
We are now ready to show that AB(BA)4 (AB)4B cannot have order 1,2 or 4. Suppose 
that the element AB(BA)4(AB)4B has order 1. Then the trace must equal 2 and the 
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following two equations must be satisfied, because of (2.10.1) and (2.10.3): 
(2.10.4) 
f2(y) = y7 - 5y5 + 8y3 - 5y - 2 = 0, 
t7(y) = y3 + y2 - 2y - 1 = 0 
Using Euclid’s algorithm we may find polynomials 
r(y) = 2y2 + y - 5, 
s(y) = -2y6 + y5 + 10y4 - 5y3 -15~’ + 7y + 8, 
such that 
2 = r (y)fi (Y) + s(y) t7 (Y). 
It follows that if 4 is not divisible by 2 then there are no solutions to Eqs. (2.10.4) in lF,, 
and hence AB(BA)4(AB)4B cannot have order 1. For the remaining two cases the 
relevant polynomials and equations are 
fp2(y) = y7 - 59 + 8y3 - 5y + 2 = 0, 
r(y) = Y + 1, 
s(y) = -ys + 3y3 + y2 -3y, 
2 = U(Y)f-2(Y) + SW7(Y) 
and 
fa(y) = y7 - 5y5 + 8y3 - 5y = 0, 
r(y) = --y2 - y + 1, 
s(y) = y6 - 4y4 + 5y2 - y - 2, 
2 = r(y)&(y) + Sag. 
This completes the proof of the proposition. 0 
Comment. Let C be an irreducible and smooth algebraic curve over the field c of 
complex numbers. Symmetries 4 of the Riemann surface X associated with C provide 
us its symmetry type st(C) = st(X) = {si kl , . . . , e,k,}, where si = f 1. That means, 
in case every ki # 0, that there exist exactly IZ non-birationally equivalent real 
algebraic curves C1 , . . , C, whose complexifications c, , . . . , c, are birationally 
equivalent o C. Moreover, each Ci has ki connected components if we assume Ci to be 
projective, irreducible and smooth. The case ki = 0 corresponds to the so-called 
“purely imaginary curves” in the literature. It follows from Theorem 2.6 that in case 
PSL(2, q) is the group of birational automorphisms of C with order 84(genus(C) - l), 
then every ci \ Ci is connected. 
3. An algorithm 
As in the introduction, let pg, where q is a Hurwitz number, be the family of 
Riemann surfaces on which the group PSL(5 q) acts as a Hurwitz group. We already 
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remarked that st (9s) = { 0, - 2). H ence, we deal now the case of an odd H-number q. 
It was proved by Macbeath [ll] that for every such q there are either one or three 
conformally distinct Riemann surfaces on which G = PSL(2, q) acts as a Hurwitz 
group. All of them are obtained if (a, b) runs over the set of all generating pairs for 
G satisfying a2 = b3 = (ab)7 = 1. In case q is not prime there exists exactly one and its 
full automorphism group is PSL(2, q) x Z2 if and only if q = 1 (mod4) [6,8]. Hence, 
by Theorem 2.5 we have: 
If q # 8 is a non-prime H-number, then 
(3.1) st(FJ = 
i 
{ - (q - 1)/2M, 0} if q s 1 (mod 4), 
{-(q-1)/2M} if q=3(mod4). 
The case of prime q is more involved. Let us assume that q # 7 and let us define the 
polynomial P(T ) = T 3 + T 2 - 2T - 1 E [F, [T]. Since the multiplicative group of 
‘F$ is a cyclic group of order q2 - 1 E 72, there exists s E lFq2, s # 1 with .s7 = 1. Hence, 
since CyZO Tj = T3P(T + T-l), there exists a root a = s + s-l of P in [Fq2. If P had 
no root in IF, it would be irreducible and so the field extension lF,(a)llF, would have 
degree 3, which is false because F,(a) s F,z. Notice that a2 - 2 = s2 + sp2 and 
a(a’ - 3) = s3 + s-3 are also roots of P and so, since P has no multiple roots, it has 
three distinct roots in F, whose product is 1. Therefore, the number c(P) of squares in 
IF, that are roots of P is 1 or 3, since [lF$: F,*] = 2. Now the polynomial 
Q(T) = P(T2) = T6 + T4 - 2T2 - 1 
has 2c(P) non-zero simple roots in IF, and so 
2c(P) = 6(q) = degree of g.c.d.KtT1(T4 - 1, Q(T)), K[T] = F,[T]. 
The number of generating pairs (a, b) of G = PSL(2, q) providing surfaces 
X = X(u, b; G) with automorphism group PSL(2, q) x Z2 or PGL(2, q) has been 
computed by Hall [8] and Conder [6] just in terms of the class of q(mod4) and S(q). 
Using this and Theorem 2.5 we obtain for q # 7: 
st(p&) = ((09 -(q - 1)/2@ (09 - (4 - 1)/2M), (0, -(q - 1)/2M)) 
if q = 1 (mod4), 6(q) = 6, 
st(FJ = ((0, -(q - 1)/2M), { -(q + 1)/2M}, { -(q + 1)/2M}} 
(3.2) ifq=l(mod4),6(q)=2, 
st(F& = {{ - (4 - 1)/2JW> { -(q - 1)/2W, { -(q - 1)/2M)} 
if q = 3 (mod4), 6(q) = 6, 
st(R& = {{ -(q - 1)/2M), (0, -(q + 1)/2M), (0, -(q + 1)/2M}} 
if q = 3 (mod4), S(q) = 2. 
The case q = 7 must be treated separately since then P(T) = (T - 2)3 has a unique 
multiple root. It was observed by Singerman [17] that for q = 7 there is exactly one 
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surface on which PSL(2,7) acts as a Hurwitz group and whose full group of 
automorphisms is PGL(2, 7). Hence, since M = 3 for q = 7, it follows from Theorem 
2.5 that st(FT) = {{ -l}} w ic was already known to Klein [9]. h’ h 
Remark. The calculations in (3.2) in concrete examples require the knowledge of 
M and S(q). The first can be obtained with the aid of a CAYLEY, MAPLE or 
MATLAB program which first looks for generating pairs (a, b) in PSL(2, q), and then 
computes the orders of the corresponding ab&~)~(ab)~b. We compute 6(q) with 
programs like MAPLE or MATHEMATICA which compute greatest common 
divisors of polynomials in IF, CT]. On the other hand, c(P) = 6 (q)/2 can be computed 
in a naive way as follows: First look for a = min {N n (P(uj/q) 2 I u I q - 3)). Then 
if(E(4-1)/2 - 1)/q&Z there is a root a of P which is not a square in IF, and so c(P) = 3 if 
and only if ((a* - 2)(q-1)/2 - 1)/q E Z and (a(4-‘)12 - 1)/q E Z since we already ob- 
serve that a2 - 2 is another root of P. 
Examples 3.3. The following table provide us a list of symmetry types St(&). 
4 = 7, st(F,) = {C -l>>, 
q = 8, st(Fs) = ((0, -2)), 
q = 13, S(13) = 2, st(%)={{o? -l},{ -11,(-l>>, 
q = 21, sW27)= {{ -1)1, 
q = 29, S(29) = 2, stW29)= ((0, -1),(-l},{ -I>>, 
q = 41, b(41) = 2, SW411 = ((0, -4}, { -13, { -3% 
q = 43, d(43) = 2, stW43)= {{ -l),(O, -U$, -1>>, 
q = 71, 6(71) = 2, st(F,1) = {( -l>, (0, -4}, (0, -2% 
q = 83, 6(83) = 2, sWg3) = {{ -I>, (0, -11, (0, -3)L 
q = 97, 6(97) = 2, sW%) = ((0, -6}, { -I}, { -I>}. 
It is quite easy to produce in a short time much longer lists of examples with the aid 
of any of the quoted programs. 
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